SPLITTING THEOREMS FOR PRO-p GROUPS 
ACTING ON PRO-p TREES AND 2-GENERATED 
SUBGROUPS OF FREE PRO-p PRODUCTS WITH 
PROCYCLIC AMALGAMATIONS 
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Abstract. Let G be a finitely generated infinite pro-p group 
acting on a pro-p tree such that the restriction of the action to 
some open subgroup is free. Then we prove that G sphts as a 
pro-p amalgamated product or as a pro-p HNN-extension over an 
edge stabilizer. 

Using this result we prove under certain conditions that free 
pvo-p products with procyclic amalgamation inherit from its free 
factors the property of each 2-generated subgroup being free pro-p. 
This generalizes known pro-p results, as well as some pro-p analogs 
of classical results in abstract combinatorial group theory. 



1. Introduction 

The main theorem of the Bass-Serre theory of groups acting on trees 
states that a group G acting on a tree T is the fundamental group of 
a graph of groups whose vertex and edge groups are the stabihzers of 
certain vertices and edges of T. This tells that G can be obtained by 
successively forming amalgamated free products and HNN-extensions. 
The pro-p version of this theorem does not hold in general ( cf. Example 
3.10), namely a pro-p group acting on a pro-p tree does not have to 
be isomorphic to the fundamental pro-p group of a graph of finite p- 
groups (coming from the stabilizers). Moreover, the fundamental pro-p 
group of a profinite graph of pro-p groups does not have to split as an 
amalgamated free pro-p product or as a pro-p HNN-extension over some 
edge stabilizer (the reason is that by deleting an edge of the profinite 
graph one may destroy its compactness). These two facts are usually 
the main obstacles for proving subgroup theorems of free constructions 
in the category of pro-p groups. 

We show that the two Bass-Serre theory principal results mentioned 
above hold for finitely generated infinite pro-p groups acting virtually 
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freely on pro-p trees, i.e. such that the restriction of the action on some 
open subgroup is free. Such a group is then virtually free pro-p. 

Theorem 1.1. Let G be a finitely generated infinite pro-p group acting 
virtually freely on a pro-p tree T. Then 

(a) G splits either as an amalgamated free pro-p product or as a 
pro-p H.N'N- extension over some edge stabilizer; 

(b) G is isomorphic to the fundamental pro-p group ni(^,r) of a 
finite graph of finite p-groups. 

One should say that in contrast to the classical theorem from Bass- 
Serre theory our F in item (b) is not T/G. The graph F is constructed 
in a special way by first modifying T without loosing the essential 
information of the action. 

As a corollary we deduce the following subgroup theorem. 

Theorem 1.2. Let H be a finitely generated subgroup of a fundamental 
pro-p group G of a finite graph of finite p-groups. Then H is the 
fundamental pro-p group of a finite graph of finite p-groups which are 
intersections of H with some conjugates of vertex and edge groups of 
G. 

Moreover, as an application of Theorem 1.1, we obtain the following 
result. It is a pro-p analogue of a classical result of G. Baumslag [1, 
Thm. 2] that gave an impulse to the theory known now as the theory 
of limit groups. Note that our theorem also generalizes the pro-p ipsis 
litteris version of [2], as well as [4, Thm. 7.3]. 

Theorem 1.3. Let G = AUcB be a free pro-p product of A and B with 
procyclic amalgamating subgroup G . Suppose that the centralizer in G 
of each non-trivial closed subgroup of G is a free abelian pro-p group 
and contains G as a direct factor. If each 2-generated pro-p subgroup 
of A and each 2-generated pro-p subgroup of B is either a free pro-p 
group or a free abelian pro-p group then so is each 2-generated pro-p 
subgroup ofG. 

The method of proof is to consider the standard pro-p tree T on 
which G acts naturally; so A and B are stabilizers of vertices v and 
w, and G is the stabilizer of the edge connecting v and w. Then we 
decompose the pair {G,T) as a inverse limit of {Gu,Tu) satisfying the 
hypothesis of Theorem 1.1. 

Notation. Throughout this paper, p is a fixed but arbitrary prime 
number. The additive group of the ring of p-adic integers is Z^; the 
natural numbers, N. For x, y in a group we shall write := x~^yx. 
All groups are pro-p, subgroups are closed and homomorphisms are 
continuous. For A C G we denote by {A) the subgroup of G 
(topologically) generated by A and by A^ the normal closure of A in G, 
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i.e., the smallest closed normal subgroup of G containing A. By d{G) 
we denote the smallest cardinality of a generating subset of G. Recall 
that a cyclic profinite group is always finite. The Frattini subgroup of 
G will be denoted by By tor(G) we mean the set of all torsion 

elements of G. 

For a pro-p group G acting continuously on a space X we denote the 
set of fixed points of G by X'^ and for each x G X the point stabilizer 
by G^. We define G = {G^\x e X). 

The rest of our notation is very standard and basically follows [8] 
and [9]. 

2. Preliminary Results 

In this section we collect properties of amalgamated free pio-p 
products, pro-p HNN-extensions and pro-p groups acting on prop trees 
to be used in the paper. Further information on this subject can 
be found in [8] and [9]. Recall the following two notions. First, an 
amalgamated free pro-p product G .= AJIc B is non-fictitious if C is a 
proper subgroup of both, A and B. Unless differently stated we shall 
consider exclusively non-fictitious free amalgamated products and we 
shall make use of the fact from [6] that a free pro-p product with either 
procyclic or finite amalgamating subgroup is always proper, i.e., the 
factors A and B embed in G via the natural maps. 

Second, a pro-p HNN-extension G = H.NN{H, A, f, t) is proper if the 
natural map from if to G is injective. Only such free pro-p products 
and pro-p HNN-extensions will be used in this paper and they are 
therefore always proper. 

We start with a simple general lemma. 

Lemma 2.1. Let G := ^imCj be the inverse limit of an inverse system 
{Gi,ipij,I} of pro-p groups and Hi < Gi so that ipij{Hi) < Hj holds 
whenever j < i. Suppose that there is a constant d with d{Gi) = d for 
all i & I . The following statements hold: 

(a) // d{G) = d, then there exists j E I such that the projection 
G — 7- Gj is surjective. 

(b) For the induced inverse limit H := ^mifj < G, we have equality 

= \imH^\ 

Proof. For each i G /, let : G — Gi be the projection, 
(a) There is an induced inverse system of Frattini quotients with 
G/^{G) = \^.Gi/^{Gi). If ipij{Gi)(^{Gj)/^{Gj) is a proper subgroup 
of Gj/^{Gj), for all i,j belonging to a cofinal subset of /, then 
G/^{G) = 1^. (pj{G)^{Gj)/^{Gj) and so G can be generated by 1 
elements. Otherwise (pij must be surjective for i, j belonging to a cofinal 
subset of /, and so is ipj {cf. [9, Prop. 1.1.10]). 
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(b) Set, for the moment, K := l^m Hf' . Since H < K, we have H*^ < 
K, a.s K < G. So, it suffices to estabhsh K < H . This is certainly 
true when there is a bound on the orders of the Gi. Fix n G N. 
Then, as d{G.i) = d, there is a bound on the orders of all Gi/^^{Gi). 
Then the statement reads l^miff '$"•((7^) < H^^'^iG) and therefore 
K < Since, d{G) < d, G is finitely generated, and so 

the set ($"'(G))„>i is a fundamental system of neighbourhoods of the 
identity in G (c/.~[9. Prop. 2.8.13]). Hence K <H, as needed. □ 

We recollect the following fundamental results from the theory of 
pro-p groups acting on pro-p trees and their consequences for an 
amalgamated free pro-p product or a pro-p HNN-extension. 

Recall that for a pro-p group G acting on a pro-p tree T, the closed 
subgroup generated by all vertex stabilizers is denoted by G; also, the 
(unique) smallest pio-p subtree of T containing two vertices v and w 
of T is denoted by [v, w] and called the geodesic connecting w to w in 
T (c/. [8, p. 83]). 

Theorem 2.2. Let G be a pro-p group acting on a pro-p tree T . 

(a) ([8, Prop. 3.5]) T /G is a pro-p tree. 

(b) ([8, Cor. 3.6]) G/G is a free pro-p group. 

(c) ([8, Cor. 3.8]) If v and w are two different vertices of T , then 
E{[v,w\) ^ and (G„ fl G^^) < G^ for every e G E{[v,w]). 

(d) ([8, Thm. 3.9]) If G is finite, then G = G^, for some v G V(T). 

Theorem 2.3. Let G = Gi Y[h G2 be a proper amalgamated free pro-p 
product of pro-p groups. 

(a) ([8, Thm. 4.2(b)]) Let K be a finite subgroup of G. Then K < 
Gf for some g E G and for some i = 1 or 2. 

(b) ([8, Thm. 4.3(b)]) Let g e G. Then Gi n < for some 
b G Gi, whenever 1 < i 7^ j < 2 or g ^ Gi. 

Theorem 2.4. Let G = HNN(if, A,/) be a proper pro-p HNN- 
extension. 

(a) ([8, Thm. 4.2(c)]) Let K be a finite subgroup of G. Then K < 

for some g E G. 

(b) ([8, Thm. 4.3(c)]) Let geG. Then 

for some b E H U tH , whenever g ^ H . 

The next technical results concern inverse systems that will play 
an essential role during the proof of Theorem 1.3 in section 4. Until 
the end of this section the directed set I will be assumed to be order 
isomorphic to N. 

Proposition 2.5. Let G be the inverse limit of a surjective in- 
verse system {Gi,ipij,I} of pro-p groups. Suppose that each Gi = 
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HNN(ifj, Aj, tj) is an HNN- extension with Hi finite and (fij{Hi) = Hj. 
Then there are inverse systems of groups {H[,(pij, 1} and {A'l.ipij, 1} 
such that G = HNN(if, with H := Umif-, A:= hmA'- where each 
H[ (resp. A'-) is a conjugate of Hi (resp. Ai) by an element of Gi. 

Proof. Fix k E I. By Theorem 2.4(a) there are gk G Gk with ipjk{Hj) = 
jj9k (i-emember they are isomorphic by the hypothesis). Pick gj G 

^Jkidk) and define Hj := Hj^ , A'j := Af , and, t'j := ; clearly 
iPjk{Hj) = Hk- Since Aj = Hj fl H^^ and (pjk is surjective, we have 

for suitable hk G Hk and = or 1, by Theorem 2.4(b). Choose 
hj G ^Jkihk) n H'- and Xj G y^J^ (4). Defining A] := A'/'^'i''"'^'' we 
obtain ipjkiAj) < Ak in both cases. Continuing inductively we obtain 
the desired inverse systems {Hl,ipij,I} and {A'- ,ipij, I}. 

It is straightforward to check that the other associated subgroup 
also "fits" into the inverse system, that is ipjki^A'p ) ^ ^k 'where t^':= 

Now, let H = hmif^, A:= hmA-' and B:= lim Nf^. For each i G / 
let us consider the subset 

X, := {Ti G G I A^^ = B and Gi := {Hi, r^)} . 

Clearly every Xi is compact, and since Xj+i C Xi for all i E I, there 
exists t E f]-Xi so that B = A^. 

The desired isomorphism from HNN(i7, A, t) onto G follows now 
from the universal property of HNN-extensions. □ 

Proposition 2.6. Let G be the inverse limit of a surjective inverse 
system {Gi,ipij,I} of pro-p groups Gi each a free pro-p product Gi = 
Ai n Bi whith Ai cyclic and Bi procyclic. 

Then there are inverse systems of pro-p groups, {Ai,ifij,I} and 
{B'i,ipij,I}, where each A'i is a conjugate of Ai by an element of Gi, 
and B[ < Gi, and, G = (hm/lQ U {limB'^ . 

Proof. Suppose first that there exists «o G / such that Big = Zp. Then, 
since each ipij is surjective, the induced homomorphism between the 
continuous abelianizations Ai x Zp = Gi/[Gi,Gi] Gj/[Gj,Gj] = 
Aj X Zp is surjective for io < j < i. Therefore (pij{Ai) < Aj^{Gj) and 
by Theorem 2.3(a) there is gj G Gj with Lpij{Ai) < A^j showing that 
Ai maps onto a conjugate of Aj. Now, observing that G = ^mGj with 
Gi = HNN(y4i, l,ti), where tj generates Bi, we can apply Proposition 
2.5 to obtain the result. 

Suppose that each Bi is finite. Since (pij are surjective, from Theorem 
2.3(a), we obtain that distinct free factors of Gi are mapped, up to 
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conjugation, to distinct free factors of Gj. So, there is ka in I so that 
for all i,j we have 

ipij{Ai) = A"/ and ifij{Bi) = Bf , 

for some Xj,yj G Gj. Then inductively the desired inverse systems 
{A'j^,(Pij, 1} and {Bl,ipij, I}, can be exhibited. The result follows now 
from [9, Lemma 9.1.5]. □ 

Lemma 2.7. Let G be a 2-generated pro-p group. 

(a) If G is a free pro-p product with procyclic amalgamation, then 
one of its free factors is procyclic. 

(b) If G is a proper B.NN- extension with procyclic associated 
subgroups, then its base subgroup H is at most 2-generated. 
Moreover, if d{H) = 2 then H is generated by the associated 
subgroups. 

(c) // G is the fundamental pro-p group of a finite tree of finite 
groups such that all edge groups are cyclic, then either \G\ < oo 
or G = KJlcR with K cyclic and R finite, or G = KUc MUd 
N, with K and N cyclic and M < 

Proof. 

(a) Suppose that G = A JIq B and let "bar" indicate passing to the 
Frattini quotient. We have an obvious epimorphism from G to the 
induced pushout P := A Ilg B. Let n := d{A) + d{B). Since G is 
procyclic, the image M of the kernel of the canonical map AU B ^ G 
via the cartesian map AJIB^AxB is also procyclic. The latter 
map induces an epimorphism from G to the at least {n — l)-generated 
elementary abelian pro-p group {A x B)/M. Therefore, n < 3 and the 
result follows. 

(b) Suppose that G = HNN(if, C, /, t) with G = (c). If d{H) > 3 
then d{G) > 3 as can be seen by using the obvious epimorphism G — >■ 
{H X (t))/(tcrV(c)-i). Thus d{H) < 2. 

Finally suppose that d{H) = 2. Now G is the quotient of Q := HU{t) 
modulo the relation f{c)~^c*. Since d{Q) = 3 we can conclude that c ^ 
and /(c) ^ ^{G). Therefore neither c G ^{H) nor /(c) G ^{H). 
So we cannot have /(c)~^c G ^{H) else d{G /^{G)) turns out to be 3. 
Hence H = {G,G'). 

(c) Let G = ni(^,r) with finite vertex groups Q{v) and cyclic edge 
groups Q{e). We claim that |V^(r)| < 3. By assumption |V(r)| > 2, 
and therefore it has an edge e. Splitting G over e, we can assume 
that Q{do{e)) is procyclic by (a); hence doi^e) is a pending vertex of F. 
Suppose now that F has at least 3 vertices, and let a be an arbitrary 
edge 7^ e of F having initial or terminal vertex v = di{e). Without loss 
of generality, suppose that dQ{a) = v. Then di{a) is a pending vertex 
with procyclic vertex group Q{di{a)); for, otherwise, by splitting G over 
the edge a we would obtain that d{G) > 2, a contradiction. Now, if we 
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have r > 2 edges with initial or terminal vertex v then it follows from 
the pro-p presentation of G that it has a free pro-p abelian group 
as a quotient; this implies r = 2, whence |V^(r)| < 3. 

If |l^(r)| = 2 then G = K Uc M with K and M finite, and, by (a), 
we can assume that K is cyclic. 

Suppose now that |l^(r)| = 3. Then G = K Uc M Ud N with 
C and D cyclic and K, M, and N finite. By the properness of our 
decomposition we have d{K lie = d{M U^, N) = 2 and, making 
use of (a), we can conclude that K and must both be cyclic. Since 
d{G) = 2 then M < <I>(G) follows. □ 

Proposition 2.8. Let G be the inverse limit of a surjective inverse 
system {Gi,ipij,I} of pro-p groups Gi. Suppose Gi decomposes as an 
amalgamated free pro-p product Gi = Ki Ri with Ki cyclic and Ri 
finite orGi = KiUc^MiUij-Ni, with and Ni cyclic and < ^{Gi). 
Then, passing to a cofinal subset of I , if necessary, there are inverse 
systems {K[,Lpij, 1} and {Cf,(^ij,/} such that Cf < K[, (pij{K-) = K'- 
and ipij{G-') < G'J where each K[ (resp. G'l) is a conjugate of Ki (resp. 
Gi) by an element of Gi. 

Proof. Using Theorem 2.3(a) in both cases we can pass to a cofinal 
subset J of I such that for all i > j in J we have (pij{Ki) < Kj\ 
for some gj G Gj. Indeed, in the first case ipij sends factors to the 
factors up to conjugation and in the second case ipij sends cyclic factors 
to cyclic factors up to conjugation. Then in fact, since Kj is cyclic 
(pij{Ki) = (indeed, otherwise ipij{Ki)'^^ ^ K- ^ contradicting the 

surjectivity of '^ij). Now selecting gi G (p^j^{gj) and letting K'-:= Kf^ , 
and using an induction argument, we obtain the desired inverse system 

{Kl^ij, J}. Next, letting G[ := Cf ' we have G[ < K[n M^'; then, 
by Theorem 2.3(b), ^PijiGi) < Kj n ipij{Mi) < Gf\ for some bj G K'j. 

Choosing bi G 'Pij^ibj) fl K'^ and letting := Gf^ we obtain the other 
inverse system {Cf, /}. □ 

Lemma 2.9. Let X be a G-space and {Un)n>i be a subset of normal 
subgroups of Gn with f]f/„ = 1. Write Xn'-= X/Un and Gn'-= G/Un- 
Let there be subgroups Sn < Gn so that ipnm{Sn) < Sm and S:= l^m Sn 
be the inverse limit. If X^^ ^ for all n E N then 7^ 0. 

Proof. Let ipn denote the canonical projection from XUG onto XnUGn- 
Then Xr^^^ ^ X^" ^J. Therefore F„ := (^-^(Xr^^^) ^ 0. Now 
Yn = {x E X \ xS C xUn} SO that Yn+i C by the compactness of 
X we can deduce that 7^ fl ^ ^"^^ ^ 

We end this section by quoting results to be used in the next section. 

Proposition 2.10 ([10, Thm. 1.1]). Let G be a finitely generated pro-p 
group which contains an open free pro-p subgroup of index p. Then G 
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is isomorphic to a free pro-p product 

HoU{SixH,)U---U{S,ny<Hm) 



where m > 0, the Si are cyclic groups of order p and the Hi are free 
pro-p groups of finite rank. 

Corollary 2.11 ([10, Cor. 1.3(a)]). Every pro-p group which contains 
an open free pro-p subgroup of finite rank has, up to conjugation, only 
a finite number of finite subgroups. 

Proposition 2.12. A pro-p group G acting on a pro-p tree T with 
trivial edge stabilizers such that there exists a continuous section o : 
ViT^jG — )■ ViT^ is isomorphic to a free pro-p product 



Proof. This follows from the proof of [12, Thm. 3.6]. See also the last 



3. Groups acting virtually freely on trees 

If a pro-p group G acts on a profinite graph F we shall call sometimes 
r a G-graph. 

Lemma 3.1. Let G be a non-trivial finitely generated pro-p group, and 
let r be a connected G-graph. Suppose that A is a connected subgraph 
ofV such that AG = F. Then there exists a minimal set of generators 
X of G such that A fl Ax 7^ holds for each x & X . 

Proof. It is enough to prove the lemma under the additional assumption 
that G is elementary abelian. Indeed, using "bar" to denote passing 
to the quotient modulo $(G), making Z a minimal generating set of 
G, suppose that for each z ^ Z there exists a vertex G A with 
e A n Az 7^ 0. Then there exists G $(G) with v^^z G A/^, so 
that the set X := {zf'^ \ z e Z} is a minimal set of generators of G 
for which the assertion of the Lemma holds. 

Suppose that the lemma is false for an elementary abelian group. 
Then there is a counterexample G with minimal d{G). Select a minimal 
generating subset X of G. If d{G) = 1 then, due to the connectedness 
of r, there are gi,g2 G G with gi 7^ g2 such that A^fi n Ag2 7^ 0. 
Replacing X by {gig2^} shows that the conclusion of the lemma holds, 
a contradiction. Hence d{G) > 2. Select an element 2 G X and 
let "bar" denote passing to the quotient modulo (z). Since d{G) = 
d{G) — 1, by the minimality assumption there is a subset F of G which 
is a minimal set of generators of G such that A fl Ay 7^ for all ^ G Y . 
Let Y denote a transversal of Y in G. Then there are elements Zy G {z) 
such that A n AyZy 7^ for all y G F. Set = {yzy | y G F}. Since 




section of [5]. 



□ 
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r can be viewed as a (2;)-graph, AW fl AWz ^ can be assumed by 
the minimality assumption. This means that there exist Wi,W2 € W 
such that Awi fl Aw2Z 7^ 0, so X = U {w^^W2z} would satisfy the 
assertion of the lemma, a contradiction. □ 

Lemma 3.2. Let G be a finitely generated infinite pro-p group. Suppose 
that G acts on a pro-p tree T containing a pro-p subtree D such that 
DG = T. Then there exists a minimal set of generators X of a retract 
H of G such that D fl Dx ^ for each x in X . 

Proof. Let "bar" denote passing to the quotient modulo G = {G^ \ v G 
V{T)). By Theorem 2.2(a) the quotient graph T := T/G is a pro-p 
tree. Applying Lemma 3.1 to G acting on T yields a subset Z of G 
such that Z is a minimal set of generators of G and for each z there 
exists a vertex E D such that G -D fl Dz 7^ holds. Hence there 
exists kz & G with Vzzk^ G DkzHDz and so VzZ G Dr\Dzk~^ . Now set 
X := {zk~^ \ z E Z} and H := {X). Finally observe that by Theorem 
2.2(b), G is a free pro-p group, so that H is indeed a retract. □ 

Lemma 3.3. Let G be a finitely generated pro-p group acting on a 
pro-p tree T. Suppose that all vertex stabilizers are finite and all edge 
stabilizers are pairwise conjugated. Assume further that there exist an 
edge e G T and a finite subset V C T'^^ such that: 

(i) for every vi, V2 E V, viG = V2G implies vi = V2, 

(ii) G is generated by the G^, v E V . 

If F is a free pro-p open normal subgroup of G, then 
rank(F) - 1 = [G : F] 

Proof. We use induction on the index [G : F]. Obviously F ^ G, from 
hypothesis (ii); so, let us consider the preimage in G of a central 
subgroup of order p of G/F. 

Case 1. iVflGe = 1. 

It follows that each non-trivial torsion element t of N generates a 
self-centralized subgroup. Indeed, by Theorem 2.2(d) t stabilizes some 
vertex w, so if g centralizes t, the element t also stabilizes wg. But then 
by Theorem 2.2(c) t stabilizes the geodesic [wg,w]. Since, however, 
Ge n = 1, the element t cannot stabilize any edge, so wg = w, and 
therefore g is & power of t. 

Thus the decomposition of A^ according to Proposition 2.10 becomes 
A^ = (Ujg/ Gj) II Fl, with Fl a free pro-p subgroup of F. Taking into 
account that G acts upon the conjugacy classes of subgroups of order 
p we have 

^=11 ( II {NnG,rAuF^. (3.1) 
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SetVi = {veV\NnG^^ 1}. Since NG^ = FG^ for every v e 
we can rewrite Eq. (3.1) as 



^=11 II (NnG^Y^ I UF, 

veVi \r^,eG/FGv 



Using this free decomposition and comparing it with Proposition 2.10 
we find 

|J| = 5^|G/FG.| = [G:F]5^^, (3.2) 

and 

rank(F) - l=p rank(Fi) + {p - 1)(|/| - 1) - 1 . (3.3) 

If = G then Fi = 1, since Gv,v G V generate G. Then Ge = 1 
since otherwise G is finite. So \V\ = \I\ and the last equation becomes 
exactly the needed one. This gives the base of induction. 

Suppose now that N ^ G. Then the product p rank(Fi) can be 
computed by observing that passing to the quotient modulo (tor(iV)) 
and indicating it by "bar" we have rank(F) = rank(Fi), so that using 
[G : F] = p[G : F] the induction hypothesis yields 



p rank(Fi) = p rank(F) 



1^ 




1 




Gel 





p 



\Gv 



DGVi ' ^' v&V-Vi ' 



(we used Ge n = 1 = fl for all w e \/ - 1/i and |G^ n N\ = p 
for all w G Vi to obtain the last equality). Inserting this expression and 
the expression for |J| from Eq. (3.2) into Eq. (3.3) yields the claimed 
formula for rank(F). 



Case 2. Nr\Ge^l. 

Since for all w G the edge group Gg is contained in G^ by the 
hypothesis, G^ centralizes fl Gg. But G = (G^, | f G V^) so A^ fl Ge is 
a central subgroup of G of order p. Then, using "bar" to pass to the 
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quotient modulo N r\Ge and the inductive hypothesis, for G we have 
rank(F) — 1 = rank(F) — 1 

= [G:F] 







1 




Gel 






V 




^1/ \G'" 

as needed. □ 

Recall that a pio-p group G acts faithfully on a pro-p tree T if the 
kernel of the action is trivial; and G acts irreducibly on T if T does not 
contain a proper G-invariant pro-p subtree. 

Lemma 3.4. Let a pro-p group G act faithfully and irreducibly on a 
pro-p tree T. Suppose that G^ is a minimal edge stabilizer and the set 
of edges E{T'-'^)G is open in T . Then T':= T — E(T'^'')G is a subgraph 
having each connected component a pro-p tree. 

Let T be the quotient graph obtained by collapsing distinct connected 
components of T' to distinct points. Then T is a pro-p tree on which 

Q 

G acts faithfully and irreducibly, and T = T "G. 

Proof. Since T' is closed and contains V{T), it is a subgraph of T; hence 
its connected components are pro-p trees. Moreover, T is a G-graph, 
and by [11, Proposition p. 486], it is simply connected and hence a 
pro-p tree. 

Now, we have m G T' if and only if there exists a subgroup L < Gm, 
an edge stabilizer, so that is not contained in Gg for every g ^ G. 
Therefore, since Ge is a minimal edge stabilizer, we conclude that all 
edge stabilizers of edges in T'^'^G are conjugates of Gg. 

Let us show that Ge is a conjugate of Ge for every e G E{T). Let 
/ G E{T) and u, v be its end points which, by construction, belong to 
T'. Fix g E Ge = Gu H G^j. Then ug and vg belong respectively to 
the same connected components as u and v. The collapsing procedure 
induces a canonical epimorphism which is injective when restricted to 
E(T^^)G. Since T is a pro-p tree we find that after collapsing e and 
eg both map to e, and as edges of eG under the collapsing procedure 
are not identified, e = eg must follow. Hence Gg is a conjugate of Ge 
indeed. 

Suppose that G does not act irreducibly on T. Since T is obtained by 
collapsing pro-p subtrees, the preimage of a proper G-invariant pro-p 
subtree of T is a proper G-invariant pro-p subtree of T; a contradiction. 
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Suppose that g G G acts trivially upon all of T. Then, in particular, 
eg = e and, as edges of eG under the collapsing procedure are not 
identified, we must have eg = e, i.e., g E Ge- Therefore the kernel of 
the action of G upon T is contained in Ge and so Ge contains a normal 
subgroup of G which, by [8, Thm. 3.12] must act trivially on T. Hence 
G acts faithfully on T. □ 

Recall from the introduction that G acts virtually freely on a space 
X if some open subgroup H of G acts freely on X. 

Lemma 3.5. Let G be a finitely generated pro-p group acting faithfully, 
irreducibly and virtually freely on a pro-p tree T. Then there are a pro- 
p tree D, an edge e G E{D), a finite subset V C D^" and a finite subset 
X C G such that 

(a) G acts faithfully upon D. 

(b) All edge stabilizers are pairwise conjugate; in particular, D = 
D^^G. 

(c) for every Vi,V2 G V, ViG = V2G implies Vi = V2. 

(d) X freely generates a free pro-p subgroup H such that for Gq := 
{G^\v e V) we have G = {Gq, H) and H DG^ = 1. 

(e) For each x E X , we have 

g:c ijg.. 

vev 

Proof. Let e G T be an edge with the stabilizer G^ of minimal order. 
Let S denote the set of all non-trivial finite subgroups L of G that 
are not conjugate to a subgroup of Ge- Since G is finitely generated. 
Corollary 2.11 says that there exist up to conjugation only finitely 
many finite subgroups in G; in particular there is a finite subset S 
of S such that T, = {L^ \ L E S, g E G}. Therefore the subset 
Te := {m G T I 3L G S, m G T^}, which is the union of all subtrees 
of fixed points for subgroups L G S can be represented in the 
form Ts = Ulg5 T^G and is hence a closed G-invariant subgraph of T. 
Therefore E{T^^)G = T — is open and we can apply Lemma 3.4 
to obtain, by collapsing the connected components of Ts, a pro-p tree 
D on which G acts irreducibly and faithfully with all edge stabilizers 
conjugate to G^- Thus D satisfies (a) and (b). 

We come to proving (c),(d) and (e). Set N := {Gy \ v G V{D)). By 
Lemma 3.2 there is finite minimal subset X of generators of a retract 
H in G of G/N such that D^" fl D'^^x 7^ for every x in X; in fact, as 
G/N is free pro-p by Theorem 2.2(b), X freely generates H. Moreover, 
by the construction of D, there is only a finite subset V of vertices up 
to translation with stabilizers that are not conjugates of Ge, to see this 
we observe that if vertices v,w are both stabilized by L G S, then L 
stabilizes the geodesic [v,w] (see Theorem 2.2(c)) and so v,w belong 
to the same connected component of T^. 
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It follows that G = {G^,H \ v e V) and H n {G^ \ v e V) = 1. 
Moreover, since G is pro-p we can reduce V such that no two distinct 
vertices of it lie in the same orbit. 

By construction, for every group element x & X there is a vertex 
Vx G D^^ with VxX~^ G D^^. When / is any edge in the geodesic 
[vx,VxX~^] then Ge = Gf = Gy^ fl G^^ (see Theorem 2.2(c)), so that, 
in particular, G^ < G^,^ . Finally modify V by replacing for every x & X 
a vertex v & V hj the vertex whenever vG = v^G. Then we see that 
(c), (d), and (e) all hold. □ 

It is now convenient to introduce a notion of pro-p H.NN - extension 
as a generalization of the construction described in [8, Sec. 4, p. 97]. 

Definition 3.6. Suppose that G is a pro-p group, and for a finite set 

X, there are given monomorphisms (fx'-^x^G for subgroups Ax 

of G. The BNN-extension G := HNN(G, A^, (^^, x G X) is defined to 

be the quotient of G 11 F{X) modulo the equations (px{cix) = 

all X & X. We call G an H.NN- extension and term G the base group, 

X the set of stable letters, and the subgroups Ax and Bx := (px{Ax) 

associated. 

One can see that every HNN-extension in the sense of the present 
definition can be obtained by successively forming HNN-extensions, 
as defined in [8], each time defining the base group to be the just 
constructed group and then selecting a pair of associated subgroups 
and adding a new stable letter. 

The HNN-extension G .= HNN(G, Ax, (fix, X) can also be defined by 
a universal property as follows. There are canonical maps f : G ^ G, 
fx : Ax ^ G, g : X ^ G, with fxiaxY^''^ = f<^x{ax) for all G Ax, 
so that, given any pro-p group H, any homomorphisms f : G ^ H, 
fx '■ Ax H and a map g : X ^ H such that for all a; G X and 
all ax G Ax we have f{(fi(ax)) = fxi^x)^^^^ then there is a unique 
homomorphism u : G ^ H with / = uf, g = ug, and, for all x & X, 

fx = Ujfx- 

Theorem 3.7. Let G be a finitely generated infinite pro-p group 
acting virtually freely on a pro-p tree T. Then G splits either as an 
amalgamated free pro-p product or as a proper pro-p HNN-extension 
over some edge stabilizer. 

Proof. We consider G to be a counterexample to the theorem with 
minimal index [G : F] where F is an open subgroup of G acting freely 
on T. 

Claim 1: G does not have a non-trivial finite normal subgroup. In 
particular, we can assume that G acts on T faithfully and irreducibly. 
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By [8, Lemma 3.11] there exists a unique minimal G-invariant subtree 
in T. Replacing T by this subtree we may assume that the action of G 
is irreducible. 

Now, if G contains a non-trivial finite normal subgroup, it contains 
a central subgroup C of order p. By the minimality assumption on 



[G : F] and as [G/C : FC/C] < [G : F] the quotient group G := G/C 



satisfies the conclusion of the theorem, i.e. G is either an amalgamated 
free pro-p product G = Gi H-jj G2 with finite amalgamating subgroup 
or it is an HNN-extension G = HNN(G'i, iJ, t) with finite associated 
subgroups. Then G is either a non-trivial amalgamated free pro- 
p product G^ GiUh G2 or HNN(Gi,i7,t) with Gi,G2,H being 
preimages of Gi,G2,H in G, respectively, as needed. Hence G does 
not possess a non-trivial finite normal subgroup. Since the vertex 
stabilizers are finite, the kernel of the action of G upon T is finite, 
hence it is trivial. 

Thus, there exist D, e, V , X and Gq having the properties (a) -(e) 
of Lemma 3.5. Note that the stabilizers of vertices in D may well he 
infinite. 

Claim 2: The pro-p subgroup H of G freely generated by X must be 
trivial. 

Suppose that H 1. Let G = HNN(G'o, Ge, ^) and A : G — > G 
be the epimorphism given by the universal property. By induction on 
rank(F) we show that A is an isomorphism. 

It suffices to show that the rank of F equals the rank of F := X~^{F). 
li Fq := Go n F ^ 1 we can factor out the normal closure of Fq in G 
(and, if necessary, the kernel of the action as well) in order to obtain 
the quotient group G which acts on D / Fq and satisfies rank(F) < 
rank(F). Therefore the induced epimorphism A : HNN(Go,Ge, X) — )■ 
G is an isomorphism, and it is not hard to see that HNN(Go, Gg, X) is 
isomorphic to G/F^, where Fq := Go H F. This shows that the image 
F of -F in G is isomorphic to F / Fq . By Proposition 2.12 F is a free 
pro-p product F ^ Fq U F and F ^ Fq U F / F^ , so F ^ F and we are 
done. Thus we may assume that Go is finite. Now applying Lemma 
3.3 to G and G we deduce that rank(F) = rank(F), so A|^ turns out 
to be an isomorphism, contradicting G being a counterexample. This 
finishes the proof of the claim. 

Claim 3: The natural epimorphism 



from the free pro-p product of vertex stabilizers Gy amalgamated along 
the single edge group Gg onto G is an isomorphism. 




SUBGROUPS OF PRO-p GROUPS ACTING ON PRO-_p TREES 15 



Let us use induction on rank(F). Since F acts freely on E{D) by 
Proposition 2.12, for each v & V the intersection FflGt, is a free factor 
of F, so similarly as in the proof of Claim 2 we can use the induction 
hypothesis, in order to achieve all to be finite. 

Put F = X~^{F). Since A restricted to all is injective, it suffices 
to prove that is an isomorphism. But by applying Lemma 3.3 to 

G and G we get that F and F have the same rank and therefore A is 
an isomorphism. The result follows. 

Claim 3 shows that G is not a counterexample, a final contradiction. 

□ 

Theorem 3.8. A finitely generated pro-p group G acting virtually 
freely on a pro-p tree T is isomorphic to the fundamental pro-p group 
ni(^,r) of a finite graph of finite p-groups whose edge and vertex 
groups are isomorphic to the stabilizers of some edges and vertices of 
T. 

Proof. By induction on the rank of a maximal normal free pro-p 
subgroup F of G. If rank(F) = 0, that is G is finite, take as graph 
of groups the single vertex G. In the general case, we apply Theorem 
3.7 to split G as an amalgamated free pro-p product G = Gi JIk G2 or 
as a pro-p HNN-extension G = H.NN{Gi, K,t) over a finite subgroup 
K. Moreover, we are free to choose K up to conjugation in Gi. Then 
every free factor, or the base group, satisfies the induction hypothesis 
and so exists the fundamental group of a finite graph of finite p-groups. 
By [14, Thm. 3.10] K is conjugate to some vertex group of Gi and so 
we may assume that K is contained in a vertex group of Gi. Now in 
the case of an amalgamated product there is g2 G G2 such that K^^ 
is contained in a vertex group of G2, so G admits a decomposition 
G = Gf' U.KS2 G2- Thus in both cases G becomes the fundamental 
group of a finite graph of finite p-groups. □ 

Theorem 3.9. Let H be a finitely generated subgroup of the funda- 
mental pro-p group G of a finite graph of finite p-groups. Then H is 
the fundamental pro-p group of a finite graph of finite p-groups which 
are intersections of H with some conjugates of vertex and edge groups 
ofG. 

Proof. The fundamental pro-p group G = ni(^,r) acts naturally on 
the standard pro-p tree T (c/. [14, Sec. 3]) and therefore so does 
H. Moreover, since the graph F is finite, there exists an open normal 
subgroup U of G that intersects all vertex groups trivially and so acts 
freely on T. Thus Theorem 3.8 can be applied. □ 

Example 3.10. Let A and B be groups of order 2 and Go = {Ax B,t \ 
A* = 5) be a pro-2 HNN-extension oi AxB with associated subgroups 
A and B. Note that Gq admits an automorphism of order 2 that 
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swaps A and B and inverts t. Let G = CqxC be the holomorph. 
Set Hq = (tor (Go)) and H = Hq^iC. Since Gq acts on its standard 
pro-2 tree with finite vertex stabihzers, so does H. The main result 
in [3] shows that H does not decompose as the fundamental group of 
a profinite graph of finite 2-groups. Its proof also shows that H does 
not decompose as an amalgamated free pro-p product or as a pro-p 
HNN-extension over a finite group. 

4. 2-GENERATED SUBGROUPS 

The final section is devoted to the proof of Theorem 1.3. So, 
henceforth, G := A lie -B is a free pio-p product of A and B 
with procyclic amalgamating subgroup G satisfying the following 
assumptions: 

(i) the centralizer in G of each non-trivial closed subgroup of G is 
a free abelian pro-p group and contains C as a direct factor. 

(ii) each 2-generated pro-p subgroup of A and each 2-generated pro- 
p subgroup of B is either a free pro-p group or a free abehan 
pro-p group. 

Lemma 4.1. For every subgroup D < G we have Ng{D) = Gg{D). 

Proof. By the pro-p version of [7, Cor. 2.7(ii)], 

Ng{D) = Na{D) UcNb{D). 

Since solvable 2-generated subgroups of A and B are abelian, Na{D) = 
Ga{D) and Nb{D) = Gb{D)- hence Ng{D) = {G a{D) , G b{D)) C 
Gg{D), as needed. □ 

Theorem 4.2. Let G = AJIgB be a free pro-p product of A and B with 
procyclic amalgamating subgroup G . Suppose that the centralizer in G 
of each non-trivial closed subgroup of G is a free abelian pro-p group 
and contains G as a direct factor. If each 2-generated pro-p subgroup 
of A and each 2-generated pro-p subgroup of B is either a free pro-p 
group or a free abelian pro-p group then so is each 2-generated pro-p 
subgroup ofG. 

Proof. Let T be the standard pro-p tree on which G acts (c/. [8, Sec. 
4]) and let L be a 2-generated pro-p subgroup of G. It follows from 
the definition of T that if L stabilizes a vertex of T, then L is up to 
conjugation in one of the free factors of G; hence L is either free pro-p 
or free abelian pro-p, by hypothesis (ii). 

Let us assume that L fixes no vertex of T. Since L is finitely 
generated, we have L = lim L/Un where | n G N} is a set of 

open normal subgroups of L with f]Un = 1. Recall our notation Un 
for the closed subgroup of Un generated by all vertex stabilizers with 
respect to the action of Un on T. We consider the infinite set / of 
integers n such that Un/Un is an infinite free pro-p group (c/. Theorem 
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2.2(b)). So, defining L„ := L/Un we see that L„ acts virtually freely 
on a pro-p tree T /Un {cf. Theorem 2.2(a)) and so we are in position 
to apply Theorem 3.8 to each of them. Thus L„ = ni(£„,r„) is the 
fundamental pro-p group of a finite graph of finite p-groups whose edge 
and vertex groups are stabilizers of certain edges and vertices of T /Un- 
Clearly we have L = ^im{L„, (fnm, 1} where each ipnm is the canonical 
map. 

Now, since L/L is a free pro-p group of rank at most 2, we need to 
consider only the two cases L = L and L/L = Zp; in the remaining 
case, when d{L/L) = 2, L is itself free pro-p of rank 2 - by the Hopfian 
property. We can assume that L ^ 1, otherwise there is nothing to 
prove. 

Case 1. L = L. 

We claim that r„ is a tree. If not then there is an edge e G r„ 
so that Ln = HNN(P„, G(e), t) for G{e) finite. But then there is a 
homomorphism from L„, onto Zp contradicting L„ = (tor(L„)). 

Then in light of Lemma 2.7(c) and of Proposition 2.8, we have inverse 
systems of conjugates of Kn and -D„; following the notation of the 
referred Proposition, we define two procyclic groups K := ^mi^'^ and 
D:= lunD'/^. 

We claim that D = 1. Note that since each Dn is an edge stabilizer 
with respect to the L„-action, we have D = L f] C^, for some g & G. 
Since Cl{D) = L fl Cg{L)), it follows from (i) that is a direct 
factor of CciD), hence D is a direct factor of Cl{D). Suppose on 
the contrary that D ^ 1. Since the procyclic group K contains D, 
it follows that D = K. Now, the projection K — >■ K'^^ is surjective 
for some sufficiently large no, by Lemma 2.1(a). Hence = Kn^] a 
contradiction to the non-fictitious decomposition of L„q . 

Thus -D = 1, and so ^imD"/"" = 1, by Lemma 2.1(b). Then, writing 

L„ = KILd'^R'. we have L = l^mLjDf- = \^{K'J D^UR'J Df'-). 
Now, if d{Ln/ D'/^") = 1 for every n, then L is procyclic; thus without 
loss of generality we may and do assume that each L^/D'^^" is 2- 
generated. Since K'^/ D'/^ is 1-generated, so is 

R'JK"- Therefore 
L = Zp n Zp , by Proposition 2.6. Our proof is finished for Case 1. 

Case 2. L/L = Zp. 

For n G N we have 'Lp = L/L = L„/ (L/Un) and therefore r„ cannot 
be a tree. Then we can select a suitable edge e„ of r„, set A„ : = 
Tn — {cn}, and present L„ = HNN(A'„, t„) with cychc edge group 
Dn of e„ andKn = ni(^„|A„, A„). 

Since L/Un is generated by torsion, as a consequence of Theorem 
2.4(a), it is contained in Kn^""; so, (tor(L„)) = Kn^". By [13, Prop. 
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1.7(ii)], Kn/ (tor(Jr„)) is a free pro-p group, whence (tor(L„)) has trivial 
image in the quotient HNN(i^„/(tor(i^'„)), 1, t„) of L„. Thus = 

(toT^Kn))- Since Kn acts on the pro-p tree T/Un we have Kn = Kn 
[cf. Theorem 2.2(d)), so in particular, A„, must be a tree. Passing 
now to a cofinal subset of N, if necessary, we may assume that for all 
n either A„ is a single vertex or A„ contains an edge. We discuss the 
two subcases. 

Subcase 2(a). For each n eN the tree A„ is a single vertex. 

Then Kn is finite. Passing again to a cofinal subset of N, if necessary, 
we can, making use of Theorem 2.4(a) and a projective limit argument, 
arrange that ipn+in{,Kn+i) < holds for all n. Passing again to a 
cofinal subset of N, if necessary, and making use of Lemma 2.7(b) we 
can arrange that for all n either Kn is cyclic or that d{Kn) = 2. We 
shall discuss the situations when K := lim Kn is procyclic and when 
d{K) = 2. ^ 

If K is procyclic, then for every m there exists n > m such that 

the ipnm{Kn) is Cyclic and so (Pnm{Dn) = ^nm{Dn)- HeUCC (finmitn) 

normalizes (pnm{Dn) and so = NL^{(fnmiDn))- Since L = l^m L^ 
it follows that D := l^Dm is normal in L. Since E{T) is a compact 
L-space, setting in Lemma 2.9 X := E(T), G .= L, and S'„:= Dn, we 
find e G E{T) with D < Ge- Therefore < G for some g E G and, 
a D 7^ 1, making use of Lemma 4.1, we find that L = Zj, x Zp by 
hypothesis (i), as needed. 

Next assume that D = 1. It follows from Lemma 2.1(b) that 
^mL)^" = 1 and so L = l^im Lm/D^"". Observing that Lm/ = 
[Km/ Km n D^^) n Proposition 2.6 implies that L = ZpYL Zp, 
whence the result when K is procyclic. 

For finishing Subcase 2(a) we can now assume that d{K) = 2. Then 
Lemma 2.1(a) in conjunction with a projective limit argument implies 
that (Pn+in{Kn+i) — Kn for every n. By virtue of Proposition 2.5, we 
have inverse systems of conjugates K'^ and -D" of the finite p-groups Kn 
and Dn, and L = HNN(i^, D, t) where K := l^K'^ and D := Jim/^^ is 
procyclic. We must have D ^ 1, else L = K U (t), and so 2 = d{K) = 
d{L) — 1 = 1; a contradiction. 

An application of Lemma 2.9 shows that K stabilizes a vertex in T; 
it is therefore, up to conjugation, contained in either A ot B and so 
by hypothesis (ii) is either free pro-p or free abelian pro-p. In the first 
case we observe that Lemma 2.7(b) implies that K = D JI D^ and so 
L = DU (t) is a. free pro-p group. 

So assume in the sequel that K is a. free pro-p abelian group. Note 
that L = HNN(i^', D, t) contains H := K ILd K^ which is not abelian. 
On the other hand since E{T) is a compact L-space, setting in Lemma 
2.9 X:= E{T), G:= L, and ^„:= Dn we find e G E{T) with D < Ge- 
Hence D < G^ for suitable g & G. Since D < G^ , hy hypothesis (i) 
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Cg{D) is abelian, and it contains H; a contradiction. Hence we are 
done with Subcase 2 (a). 

Subcase 2(13). For each n G N the tree A„ contains an edge. 

Lemma 2.7(c) and Proposition 2.8 imply that can be written 
as Kn = Xn Wn, with cyclic p-groups X„, and there are inverse 
systems {X'^} and {Z'^} with Z'^ < X'^ of conjugates of X„ and Z„ 
respectively. Define procyclic groups X = hmX^ and Z = hmZ'^. We 
must have Z ^ X else by Lemma 2.1(a) we could find n with Zn = Xn 
and so the decomposition Kn = Xn Iiz„ Wn would be fictitious; a 
contradiction. Setting in Lemma 2.9 X := E{T), G := L, and Sn '■= Z" 
we find e e E{T) with Z < Ge- Hence there is ^ G G with Z < G^. 
Now, since Z ^ X, hypothesis (i) implies Z = 1. Let Kn = Kn/Zn^" 
and let /)„ be the canonical image of D„ in Kn- Then, we consider 

L„ = L„/Z> = HNN(i?„, Dn, t„) =HNN(X„/Z„^"nW„/Z„^", tn) . 

By Lemma 2.7(b), each pro-p group Kn is at most 2-generated, hence 
considering L„ modulo its Frattini subgroup, we can conclude that 
d{Wn/ Zj^") = 1. So, taking into account Lemma 2.7(b) we conclude 
that Xn/Zn^" and Wn/ Zn^'^ are isomorphic cyclic p-groups. Thus 
Ln = Xn/ Zn^"U{in)- By Lemma 2.1(b) and Proposition 2.6 we obtain 
that L = limL„ = ZpUZp. This concludes the proof of the theorem. 

□ 

Corollary 4.3. Suppose that neither A nor B contains a 2-generated 
non-procyclic abelian subgroup. Then any 2-generated subgroup L of G 
is a free pro-p group. 

Proof. Suppose that L is a free abelian pro-p group of rank 2. 

Let T be the standard pro-p tree on which G acts. Then by [8, Thm. 
3.18] either L stabilizes a vertex or there is an edge e of T such that 
L/Lf. = I'p. But L cannot stabilize a vertex; else it is conjugate to a 
subgroup of one of the free factors of G, contradicting the supposition. 

Therefore L/L^ = for some edge e. Since d{L) = 2 we must 
have Lg ^ 1. Conjugating L by some element of G we may assume 
that Le is contained in G. Then, L = NciLe) = GciLe), by Lemma 
4.1(a), and, by the centralizer condition of the theorem, L = G = Zp, 
a contradiction. Thus, by Theorem 4.2, L must be free pro-p. □ 
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